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4-1

(a)

G = (V,E)
We can assume G is directed graph with weighted edges and no negative

weight cycles.
m = maximum over all v ⊂ V of minimum number of edges/hops in shortest

path from s → v by weight.

if m = greatest number of edges on any path s → v, the path relaxation
principle states that m iterations in Bellman-Ford leaves every vertex v ⊂ V
with shortest path weight v.d

after m iterations, we know that no v.d changes; therefore, no v.d will change
after m iterations.

Thus our edit to Bellman-Ford can be to keep track of changes to v.π and
v.d; once no updates occur, terminate.

(b)

Suppose G = (V,E) has a negative-weight cycle. This edit to Bellman-Ford
will find such vertices:

Bellman-Ford-Neg
1 InitSingleSource(G,s)
2 for i=1 to —G.V— -1
3 for each edge 〈u, v〉⊂ G.E
4 Relax〈u, v, w〉
5 for each edge 〈u, v〉⊂ G.E
6 if v.d > u.d + w〈u, v〉
7 v.mark = true
8 x = v
9 while x.π.mark = false
10 x.π.mark = true
11 x = x.π
12 return vertices such that x.mark = true
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Correctness: Lines 6-7 of the augmented algorithm mark all of the edges
which satisfy the conditions of being a part of a negative weight cycle. Note
O(n3) run time similar to Bellman-Ford.

(c)

Assume p = 〈v0, v1, ..., vk〉 with s as the source vertex and t as the final
vertex.

We must find a path p such that the product across all the probabilities on
p is maximum.

We can use log properties to treat this as single source shortest path problem
with w〈u, v〉 = - log〈r〈u, v〉〉 and minimize the weights from u to v.

After creating this new weight convention in O(E) time we can simply use
Dijkstra’s Algorithm to find shortest (i.e. most reliable) path in O(ElogV) time.

(d)

Suppose that we are given a weighted, directed graph G = (V,E) in which
edges that leave the source vertex s may have negative weights, all other edge
weights are nonnegative, and there are no negative-weight cycles.

We know that some vertex v 6= s is connected with some negative weight edge
e0 and the shortest path from s to v must cover the negative weight edge e0
because there are no negative weight cycles.

Proof by contradiction that Dijkstra’s Algorithm still correct:
Let e0 be edge between s and v.
Let edge e1 be some edge between s and v1 where there exists a path p from

v1 to v.
Claim: the shortest path from s to v is s → v1 → p → v.
This implies e1 + weight of p < e0
This implies e0 + e1 + weight of p < 2e0 < 0
This would incorrectly imply that there exists a negative weight cycle. Con-

tradiction occurs; claim false. QED

4-2
A d-dimensional box with dimensions 〈x1, x2, ..., xd〉 nests within another box

with dimensions 〈y1, y2, ..., yd〉 if there exists a permutation π of the dimensions
{1, 2, ... , d} such that xπ(1) < y1, xπ(2) < y2, ..., xπ(d) < yd.

(a)

Argument that nesting relation is transitive:
Let box A nests within box B and let box B nests within box C.
Let π1 and π2 be the permutations of dimensions {1, 2, ... , d} such

that Aπ1(1) < B1, Aπ1(2) < B2, ..., Aπ1(d) < Bd, and Bπ2(1) < C1, B¡(2) <
C2, ..., Bπ2(d) < Cd

Let π3 = π1 x π2
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This implies Aπ3(1) < C1, Aπ3(2) < C2, ..., Aπ3(d) < Cd.
Thus it is clear that box A nests within box C and the nesting relation is

transitive.

(b)

Assume we are given the dimensions of two d-dimensional boxes A and B.
Efficient method to determine whether or not box A nests inside box B:
First sort A1, A2, ...,Ad in increasing order and pass into new sequence A*

such that A*i ≤A*j for all i < j.
Then sort B1, B2, ...,Bd in increasing order and pass into new sequence B*

such that B*i ≤B*j for all i < j.
If A*i <B*i for all i = 1, ... , d we know box A nests inside box B.

(c)

Assume we are given a set of n d-dimensional boxes 〈B1, B2, ..., Bn〉
Efficient algorithm to find the longest sequence 〈Bi1, Bi2, ...,Bin 〉 of boxes

such that Bij nests within Bij+1 for j = 1, 2 , ... , k – 1:
Let G = (V,E) be a DAG with V = {s, t ,v1, v2, ...,vn}, such that vi⊂ V

represents the dimensions Bi.
Add (vi,vj) in G.E with weight = 1 if and only if Bi nests within Bj using

method from part (b).
Add (s,vi) and (vi,t) to G.E with weight = 0 for i = 1 , ... , n. Creating

graph takes O(dn2 + ndlogd)
In order to find the longest sequence 〈Bi1, Bi2, ...,Bin 〉 of boxes such that

Bij nests within Bij+1 for j = 1, 2 , ... , k – 1, using this structure, we can
employ:

Long-Seq-Boxes(G, s, t)
1 Return Longest path in G from s → t
Run time = O(V + E) = O(n2)

Total run time of entire process: O(dn2 + ndlogd)
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